Abstract. A celebrated conjecture of Auslander and Reiten claims that a finitely generated module M that has no extensions with M ⊕ Λ over an Artin algebra Λ must be projective. This conjecture is widely open in general, even for modules over commutative Noetherian local rings. Over such rings, we prove that a large class of ideals satisfy the extension condition proposed in the aforementioned conjecture of Auslander and Reiten. Along the way we obtain a new characterization of regularity in terms of the injective dimensions of certain ideals.
It is clear that, if I is an ideal as in Theorem 1.4 and Ext i R (I, I) = 0 for all i ≥ 1, then I is projective, i.e., I ∼ = R. It is also worth noting that Theorem 1.4 is sharp in the sense that the condition I : m = I is necessary; see Examples 3.20 and 3. 21 .
We obtain several results on the vanishing of Ext as applications of Theorem 1.4; see Corollaries 3.1, 3.2 and 3.3. Furthermore, motivated by a result of Goto and Hayasaka [18] , we give a characterization of regularity in terms of the injective dimensions of weakly m-full ideals: if (R, m) is a commutative Noetherian local ring and I is a proper weakly m-full ideal of R with I : m = I, then R is regular if and only if I has finite injective dimension; see Corollary 3.18.
Main result
Throughout R denotes a commutative Noetherian local ring with unique maximal ideal m, and residue field k = R/m. Moreover mod R denotes the category of finitely generated R-modules.
We record various preliminary results and prepare several lemmas to prove our main result, Theorem 2.17.
2.1.
Let M ∈ mod R be a module with a projective presentation P 1 f → P 0 → M → 0. Then the transpose TrM of M is the cokernel of f * = Hom(f, R) and hence is given by the exact sequence 0 → M * → P * 0 → P * 1 → TrM → 0. We will use the following results in the sequel: (2. [27, 2.7(2) ]) If X ∈ mod R and 0 → A → B → C → 0 is a short exact sequence in mod R, then there is an exact sequence in mod R of the form:
(Matsui and Takahashi
Lemma 2.5. Let R be a local ring and let M, N ∈ mod R be modules. If n ≥ 2 is an integer, then there is an isomorphim:
Proof. There are isomorphisms:
The first isomorphism of (2.5.1) follows from dimension shifting and the fact that Tr(Tr M ) is stably isomorphic to M . The second and the third isomorphisms follow from (2.2) and (2.3), respectively. Next consider the natural exact sequence: 0 → Ω n−1 N → R ⊕ → Ω n−2 N → 0. This gives, by (2.4), the following exact sequence: 
Now (2.5.1) and (2.5.2) yield the claim.
Lemma 2.6. Let R be a local ring and let M, N ∈ mod R be modules. [2, 2.21] that there is an exact sequence:
This induces the surjection Ext There are various examples of 2-Tor-rigid modules in the literature. For example, over a hypersurface ring, each module in mod R is 2-Tor-rigid [23, 1.9] . Furthermore Dao [15] pointed out that finite length modules over codimension two complete intersection rings are 2-Tor-rigid. As Dao's manuscript [15] is not published, we give a quick proof of this fact. [15, 6.6] ) Let R be a complete intersection ring that is quotient of an unramified (e.g., equi-characteristic) regular local ring. Assume R has codimension two. If M ∈ mod R is a finite length module, then M is 2-Tor-rigid.
(Dao
Proof. We may assume R is complete so R = S/(f, g), where S is an unramified regular local ring and {f, g} is a regular sequence on S contained in the square of the maximal ideal of S. Let M ∈ mod R be a finite length module and assume Tor
where T is the hypersurface ring S/(f ). It then follows from the standard long exact sequence [24, 11.64 ] that Tor An important class of 2-Tor-rigid modules was determined by Burch [10] . We record her result and use it for our proof of Corollary 3.13. The following consequence of Burch's theorem has been established in [11] . [11, 2.3] ) Let M ∈ mod R and let I be a proper ideal of R. Assume I is integrally closed and depth(R/I) = 0. If Tor
(Celikbas and Wagstaff
Lemma 2.12. Let R be a local ring and let M, N ∈ mod R be modules. Assume N is nonfree and 2-Tor-rigid. If Ext
We use properties of Gorenstein and complete intersection dimension for the rest of the paper. Therefore we recall the definitions of these homological dimensions. [2] ) A module M ∈ mod R is said to be totally reflexive if the natural map M → M * * is bijective and Ext
(Auslander and Bridger
2.14. (Avramov, Gasharov and Peeva [9] ) A diagram of local ring maps R → R ′ և Q is called a quasi-deformation provided that R → R ′ is flat and the kernel of the surjection R ′ և Q is generated by a Q-regular sequence. The complete intersection dimension of M is:
In the following H-dim denotes a homological dimension of modules in mod R that has the following properties; see [7, 3. 
Let
If one of these dimensions is finite, then it equals the one on its left.
provided that Tor Theorem 2.17. Let R be a local ring, M, N ∈ mod R be modules and let n ≥ 1 be an integer. Assume N is not free and the following conditions hold:
Proof. It follows from (i), (iii) and Lemma 2.12 that Tor Since Tr Tr Ω n M is stably isomorphic to Ω n M , we see from 2.15(iv) that Ω n M = 0 or H-dim(Ω n M ) = 0. In either case, this implies H-dim(M ) ≤ n. Furthermore we have Ext n R (M, R) = 0 by Lemma 2.12. Thus we conclude that H-dim(M ) < n; see (2.15)(iii).
Corollaries of Theorem 2.17
This section is devoted to various corollaries of Theorem 2.17. In particular we prove Theorem 1.4 which is advertised in the introduction; see Corollary 3.14. To prove Corollaries 3.1, 3.2 and 3.3, we use Theorem 2.17 for the cases where H-dim is the projective dimension pd and the complete intersection dimension CI-dim; see 2.14. We are allowed to do that since these homological dimensions satisfy the conditions listed in 2. 
Therefore pd(Tr Ω n M ) < ∞. Hence, if depth(N ) ≤ n, then it follows from Theorem 2.17 that pd(M ) < n so that the fact n ≤ grade(M ) ≤ pd(M ) gives a contradiction. Consequently depth(N ) > n.
In passing we obtain a result on the vanishing of Ext over complete intersections: Let n ≥ 1 and set X = Ω n M . Note X * = 0. Assume pd(TrX) < ∞. Then pd(X * ) < ∞ so that X * is free. Since X ∼ = X * * , we see X is free, i.e., pd(M ) < ∞. Therefore pd(TrΩ n M ) = ∞ for all n ≥ 1. A weakly version of m-full property can be defined as follows: Definition 3.7. Let I be a proper ideal of a local ring R. We call I a weakly m-full ideal provided that mI : m = I, i.e., if mx ⊆ mI for some x ∈ R, then x ∈ I. Example 3.8. Let I = m be a prime ideal of R. Let x ∈ mI : m, y ∈ m and y / ∈ I. Then xy ∈ xm ⊆ mI ⊆ I and hence x ∈ I. Therefore I is weakly m-full.
We should remark that, due to its definition, it can be easily checked whether or not a given ideal is weakly m-full by using a computer algebra software such as Macaulay2 [22] . Although each m-full ideal is weakly m-full, many weakly m-full ideals that are not m-full exist. We record such an example next. Let I be a nonzero ideal of a local ring R. Assume m(I : m) = mI and I is weakly m-full. Let x ∈ I : m. Then mx ∈ m(I : m) = mI, i.e., x ∈ mI : m, which equals to I since I is weakly m-full. So we conclude: 3.11. Let I be a nonzero ideal of a local ring R. Assume I is weakly m-full and depth(R/I) = 0. Then m(I : m) = mI.
Next we note that weakly m-full ideals I with depth(R/I) = 0 are 2-Tor-rigid; see (2.8).
3.12. Let I be a nonzero ideal of a local ring R. Assume I is weakly m-full and depth(R/I) = 0. If Tor R n (M, R/I) = Tor R n+1 (M, R/I) = 0 for some M ∈ mod R and for some integer n ≥ 1, then pd(M ) ≤ n; see (2.10) and (3.11).
Corollary 3.13. Let M ∈ mod R be a nonzero module and let I be a nonzero ideal of R such that depth(R/I) = 0. Assume Ext n R (M, I) = Ext n+1 R (M, I) = 0 for some n ≥ 1. If I is integrally closed or weakly m-full, then pd(M ) < n.
Proof. Setting N = R/I, we see from Lemma 2.12 that Tor R i (Tr Ω n M, N ) = 0 for all i ≥ 1 and pd(Tr Ω n M ) ≤ 1; see 2.11 and (3.12). So the result follows from Theorem 2.17.
We now establish Theorem 1.4, advertised in the introduction. N ) . Hence we conclude from 2.11 and 3.12 that pd(N ) < ∞ so that R is Gorenstein.
Goto and Hayasaka [18, 2.2] proved that if R is a local ring and I and J are two ideals of R such that I J, I : m J and J is m-full, then R is regular provided that id(I) < ∞. A special, albeit an important case of this result, namely the case where I = J, is: We use Corollary 3.13 and improve 3.17 by replacing an m-full ideal with a weakly m-full one:
Corollary 3.18. Let R be a local ring and let I be a proper ideal of R. Assume depth(R/I) = 0 and I is weakly m-full. If id(I) < ∞, then R is regular.
Proof. As id R (I) < ∞ we have Ext i R (k, I) = 0 for all i ≫ 0. This implies, by Corollary 3.13, that pd(k) < ∞, i.e., R is regular.
We can obtain a result similar to Corollary 3.14 that characterizes Gorenstein rings in terms of the Gorenstein injective dimension Gid(I) of weakly m-full ideals I; see [17] for the definition of Gorenstein injective dimension.
Corollary 3.19. Let R be a local ring and let I be a proper ideal. Assume depth(R/I) = 0 and I is weakly m-full. If Gid(I) < ∞ and dim(R/I) < dim R, then R is Gorenstein.
Proof. Note that dim(I) = dim R. Therefore it follows from [25, 1.3] that R is Cohen-Macaulay and so there exists a module 0 = M ∈ mod R such that id(M ) < ∞. Hence Ext Since depth(R/I) = 1, the ideal I is weakly mfull; see (3.9) . In fact we can show I is m-full but not integrally closed. Since (t 5 ) 2 − (t 3 ) 2 t 4 = 0, it is clear that I = (t 3 , t 4 ) is not an integrally closed ideal of R = k[[t 3 , t 4 , t 5 , u]]. Considering the residue ring R/mI, we can easily check that the equality I = (mI : u) holds. Hence I is m-full. Example 3.22. Let S = k[[t]] be a formal power series ring over a field k, and let R = k[[t 5 , t 6 , t 8 , t 9 ]] be a subring of S. Then R is a non-Gorenstein Cohen-Macaulay local domain of dimension 1. Denote by m the maximal ideal of R. Then m is integrally closed, and is (weakly) m-full. The ideal I = (t 5 , t 8 , t 9 ) of R is a canonical module of R, and we have id(I) = 1 and depth(R/I) = 0. We have id(m) = ∞; this follows from the fact that m is an indecomposable maximal Cohen-Macaulay R-module, which is not isomorphic to the canonical module I. The equality (t 6 ) 3 −(t 5 ) 2 (t 8 ) = 0 shows that I is not integrally closed. Calculating the socle of R/mI, we can verify that I is not weakly m-full.
The ideal I in Example 3.22 guarantees that the assumption in Corollaries 3.13, 3.14 (and Theorem 1.4) that I is either integrally closed or weakly m-full is necessary. It also assures that the weak m-fullness assumption in Corollary 3.18 cannot be removed. The ideals I in Examples 3.20, 3.21 show the necessity of the depth assumption in Corollaries 3.13, 3.14, 3.18 (and the assumption I : m = I in Theorem 1.4). Also, the maximal ideal m in Example 3.22 says that the finiteness assumption of injective dimension in Corollary 3.18 cannot be extracted. Thus, each of the three assumptions in Corollary 3.18 is necessary.
